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1 Introduction 



General motivation for deforming spacetime 

Relativistic quantum field theory is not a fundamental theory, since its 
formalism leads to divergencies. In some cases like that of quantum electro- 
dynamics one is able to overcome the difficulties with the divergencies by 
applying the so-called renormalization procedure due to Richard Feynman. 
Unfortunately, this procedure is not successful if we want to deal with quan- 
tum gravity. Despite the fact that gravitation is a rather weak interaction 
we are not able to treat it perturbatively. The reason for this lies in the fact, 
that transition amplitudes of nth order to the gravitation constant diverge 
like a momentum integral of the general form [1] 

J P 2n ~ l d P , (1) 

leaving us with an infinite number of ultraviolet divergent Feynman diagrams 
that cannot be removed by redefining finitely many physical parameters. 

It is surely legitimate to ask for the reason for these fundamental difficul- 
ties. It is commonplace that the problems with the divergences in relativistic 
quantum field theory result from an incomplete description of spacetime at 
very small distances [2]. Niels Bohr and Werner Heisenberg have been the 
first who suggested that quantum field theories should be formulated on a 
spacetime lattice [3,4]. Such a spacetime lattice would imply the existence of 
a smallest distance a with the consequence that plane-waves of wave-length 
smaller than twice the lattice spacing could not propagate. In accordance 
with the relationship between wave-length A and momentum p of a plane- 
wave, i.e. 

1 1 

A > A min = 2a => - ~ p < p max ~ — , (2) 
A la 

it follows then that physical momentum space would be bounded. Hence, 

the domain of all momentum integrals in Eq. would be bounded as well 

with the consequence that momentum integrals should take on finite values. 

q-Deformation of symmetries as an attempt to get a more detailed 
description of nature 

Discrete spacetime structures in general do not respect classical Poincare 
symmetry. A possible way out of this difficulty is to modify not only space- 
time but also its corresponding symmetries. How are we to accomplish 
this? First of all let us recall that classical spacetime symmetries are usu- 
ally described by Lie groups. Realizing that Lie groups are manifolds the 
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Gelfand-Naimark theorem tells us that Lie groups can be naturally embed- 
ded in the category of algebras [5]. The utility of this interrelation lies in 
formulating the geometrical structure of Lie groups in terms of a Hopf struc- 
ture [6]. The point is that during the last two decades generic methods have 
been discovered for continuously deforming matrix groups and Lie algebras 
within the category of Hopf algebras. It is this development which finally 
led to the arrival of quantum groups and quantum spaces [7-13]. 

Prom a physical point of view the most realistic and interesting defor- 
mations are given by q-deformed versions of Minkowski space and Euclidean 
spaces as well as their corresponding symmetries, i.e. respectively Lorentz 
symmetry and rotational symmetry [14-18]. Further studies even allowed 
to establish differential calculi on these q-deformed quantum spaces [19-21] 
representing nothing other than q-analogs of classical translational symme- 
try. In this sense we can say that q-deformations of the complete Euclidean 
and Poincare symmetries are now available [22] . Finally, Julius Wess and his 
coworkers were able to show that q-deformation of spaces and symmetries 
can indeed leed to the wanted discretizations of the spectra of spacetime ob- 
servables [23,24], which nourishes the hope that q-deformation might give a 
new method to regularize quantum field theories [25-28] . 

Foundations of q-deformed superanalysis 

In order to formulate quantum field theories on q-deformed quantum 
spaces it is necessary to provide us with some essential tools of a q-deformed 
analysis. The main question is how to define these new tools, which should 
be q-analogs of classical notions. Towards this end the considerations of 
Shahn Majid have proved very useful [29-31]. The key idea of his approach 
is that all the quantum spaces to a given quantum symmetry form a braided 
tensor category. Consequently, operations and objects concerning quantum 
spaces must rely on this framework of a braided tensor category, in order to 
guarantee their well-defined behavior under quantum group transformations. 
This so-called principle of covariance can be seen as the essential guideline 
for constructing a consistent theory. 

In our previous work we have worked on symmetrized versions of quan- 
tum spaces that are of particular importance in physics, i.e. Manin plane, 
q-deformed Euclidean space with three or four dimensions as well as q- 
deformed Minkowski space. In each case we have presented explicit formulae 
for star-products [32], representations of symmetry generators and partial 
derivatives [33], q-integrals [34], q-exponentials [35] and q-translations [36]. 
But physics requires also antisymmetrized spaces, i.e. Grassmann algebras, 
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since they constitute an important tool in formulating supersymmetrical 
quantum field theories. In Ref. [37] we started showing that our ideas for 
symmetrized quantum spaces carry over to antisymmetrized ones as well. 

Our goal now is to continue that program by providing explicit formulae 
for q-analogs of Grassmann integrals, Grassmann exponentials and Grass- 
mann translations. In addition to this we are going to present formulae for 
braided products with supernumbers telling us how antisymmetrized quan- 
tum spaces have to be fused together with other quantum spaces. 

The paper is organized as follows. In Sec. 121 we give a review of the 
concepts q-deformed superanalysis is based on. Furthermore, we recall some 
important results of Ref. [37]. This is done to an extent necessary for our 
further studies. In Sec. |3]we explain in detail how our general considerations 
apply to Manin plane. In Sees. 0and|Slwe repeat the same steps as in Sec. 01 
for q-deformed Euclidean spaces in three and four dimensions, respectively. 
Sec. El is devoted to superanalysis on an antisymmetrized version of q- 
deformed Minkowski. Finally, in Sec. [7| we give a short conclusion und 
provide the reader with some interesting remarks about our new objects. 

2 Concepts of q-deformed superanalysis 

As already mentioned, q-deformed superanalysis is formulated within the 
framework of antisymmetrized quantum spaces. These quantum spaces are 
defined as modules of quasitriangular Hopf algebras which describe the un- 
derlying symmetry. For our purposes, it is at first sufficient to consider 
an antisymmetrized quantum space as an algebra generated by coordinates 
9 , 8 2 , . . . , 9 n which are subjected to 



where R denotes a representation of the universal 7£-matrix assigned to 
the underlying quantum symmetry. This way, we get nothing other than 
q-deformed versions of Grassman algebras. 

Moreover, it is important to realize that our antisymmetrized quantum 
spaces satisfy the so-called Poincare-Birkhoff- Witt property, i.e. the dimen- 
sion of a subspace of homogenous polynomials should be the same as for 
classical Grassmann variables. This property is the deeper reason why nor- 
mal ordered monomials constitute a basis of our q-deformed Grassmann al- 
gebras. Consequently, each supernumber can be represented in the general 
form 



e 



1*0? 



k(R) ij kl e k e l , k€W 



+ 



(3) 




(4) 
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where 9— denotes monomials of a given normal ordering. 

For this to become more clear, the two-dimensional antisymmetrized 
quantum plane shall serve as an example [38] . By specifying the R-matrix in 
Eq. © to that of U q (su2), we obtain as defining relations of antisymmetrized 
Manin plane 

(9 1 ) 2 = (6 2 ) 2 = 0, (5) 
eH 2 = -q~W, 

showing the correct classical limit for q — > 1. Due to these relations, each 
supernumber can be written in the general form (notice that the normal 
ordering of monomials is indicated by the order in which coordinates are 
arranged in the symbol for supernumbers) 

f(e 2 , e l ) = f + he 1 + f 2 e 2 + f 21 o 2 e\ (6) 

and the product of two such supernumbers finally becomes 

(f-gWW 1 ) (7) 
= (/ • <?)' + (/ • g)xB x + (f ■ gh9 2 + (f ■ g)2i0 2 e\ 

with 

(f-g)' = fg', (8) 
(/ ■ g)a = f a g' + f'g a , a = 1,2, 

(f ■ 5)21 = f29i - 9 _1 /l32- 

Similar results hold for the other antisymmetrized quantum spaces we con- 
sider in this article [37]. 

Next, we would like to come to the covariant differential calculi on our 
antisymmetrized quantum spaces [19,20,39]. In complete accordance to 
symmetrized quantum spaces, there exist always two covariant differential 
calculi. Their Leibniz rules take the general form 

& e W =ji -k{R- x f kl Q k d l e , keC, (9) 

diw = g v -k-\hyhie k dl 

where g 13 denotes the in the corresponding quantum metric (as reference, we 
provide a review of key notations in Appendix ^J). In the two-dimensional 
case, for example, the relations for the first differential calculus read explic- 
itly 

die 1 = -q-^dl (10) 
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dle^q^-e^l + xe^l (11) 

leading to the following actions on supernumbers [37]: 

(de) 1 >f(e 2 ,e 1 ) = f 1 -q' 1 f 21 e 2 , (12) 
(deh>f(o\e 1 ) = f 2 + f 21 e 1 . 

However, in what follows it is necessary to take another point of view 
which is provided by category theory. A category is a collection of objects 
X,Y,Z,... together with a set Mor(X, Y) of morphisms between two objects 
X, Y. The composition of morphisms has similar properties as the compo- 
sition of maps. We are interested in tensor categories. These categories 
have a product, denoted <g> and called the tensor product. It admits several 
'natural' properties such as associativity and existence of a unit object. For 
a more formal treatment we refer to Refs. [29,30], [40]or [41]. If the action 
of a quasitriangular Hopf algebra TC on the tensor product of two quantum 
spaces X and Y is defined by 

h > {v ® w) = > v) ® (/i( 2 ) > w) € X ® Y, h € H, (13) 

where the coproduct is written in the so-called Sweedler notation, i.e. A(h) = 
h(\) <S> fo(2)) then the representations (quantum spaces) of the given Hopf al- 
gebra (quantum algebra) are the objects of a tensor category. 

In this tensor category exist a number of morphisms of particular impor- 
tance that are covariant with respect to the Hopf algebra action. First of all, 
for any pair of objects X, Y there is an isomorphism *$>x,Y '■ X®Y — > Y §t>X 
such that (g <8> /) o ^x,Y = ^X'Y' ( f ® g) for arbitrary morphisms / € 
Mor(X, X') and g G Mor(y, Y'). In addition to this one requires the hexagon 
axiom to hold. The hexagon axiom is the validity of the two conditions 

*x,y ° ^y,z = ^x»y,z, ^x,z ° ^x,y = ^xy®z- (14) 

A tensor category equipped with such mappings ^x,Y for each pair of objects 
X, Y is called a braided tensor category. The mappings ^ x,Y as a whole 
are often referred to as the braiding of the tensor category. Furthermore, 
for any quantum space algebra X in this category there are morphisms 
A : X ^ X ® X, S : X -> X and e : X ^ C forming a braided Hopf 
algebra, i.e. A, S and e obey the usual axioms of a Hopf algebra, but now 
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as morphisms in the braided category. For further details we recommend 
Refs. [40] and [42]. 

The explicit form of these morphisms is completely determined by the 
so-called £-matrix [12,22,43]. The entries of the £-matrix are built up out 
of symmetry generators and scaling operators. For the quantum spaces we 
study in this article, the explicit form of the £-matrix can be looked up in 
Ref. [37]. To be more concrete, we give as example the non- vanishing entries 
of the £-matrix and its conjugate in the case of Manin plane: 

(£ a )\ = A(a)T-V\ (15) 
{C a )\ = -qXA(a)r-^T + , 

{C a )l = K{ a y'\ 

and likewise 

{C a )\ = K-\ayl\ (16) 

where r ±1//4 , and A(a) denote generators of the quantum algebra U q (su2) 
and a unitary scaling operator, respectively. 

Using the £-matrix and its conjugate, the two distinct braidings of a 
quantum space generator a 1 can be obtained in the compact form 

^x,Y{j®f) = {(£a))>f)®ai, (17) 
^(o* ® /) = ((£,)}) >f)®a j 

*x,y(/®o i ) = o , '®(/<(A)i), ( 18 ) 
^- x ] Y {f®a i )=a3®{f«(C a y j ). 

There remains to evaluate the action of the £-matrix on the quantum space 
element /. This can be achieved by making use of the representations pre- 
sented in Refs. [33] and [37]. 

By repeated use of the identites in Eq. ((17)1 we are able to calculate the 
braiding between a monomial in Grassmann variables l and an arbitrary 
element g of another quantum space, i.e. 

(0* ...e j )Q L g = ^(e i ...e j ® g ) (19) 

= ({Ce)i i ...{£e){.>g)®{e k >...e k i), 
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(0 i ...6 j )Q L g = V- 1 (0 i ...6 i ®g) 

= ([c 6 )\ i ...{c 6 ){.\>g) ®(^...e fc o, 

g ® R (e i ...e j ) = -$(g®e i ...9 j ) (20) 
= (9 k *...e k i)®(g<(£e)i.-.(£e)Q, 

gQ k (9 i ...9 j ) = ^~ 1 (g®e i ...9 j ) 

= (9 k *...9 h i)®(g<(£g)i i ...(£ )Q. 

Recalling that the braiding mappings are linear in their arguments, it should 
be quite clear that the braiding of a supernumber with an arbitrary element g 
is completely determined by the above identities. In the subsequent sections 
this observation will enable us to derive explicit formulae for the braiding 
of supernumbers with arbitrary quantum space elements. The resulting 
expressions are referred to as braided products for supernumbers. 

Using ^-matrices, the coproducts for quantum space generators a 1 can 
be obtained in the general form 

A £ (a i ) =o*® l + {C a ))®a j , (21) 
A L (a*) = d ® 1 + {C a ))®a j , 

and the corresponding antipodes are then given by (if we assume for the 
counit e(9 b ) = 0) 

S L (9 i ) = -S(£ e )ip, (22) 
S L {9 % ) = -S{C e ))9K 

The essential observation for this paper is that coproducts of coordinates 
imply their translations [22,44-46]. This can be seen as follows. The co- 
product A on coordinates is an algebra homomorphism. If the coordinates 
constitute a module coalgebra then the algebra structure of the coordinates 
a 1 is carried over to their coproduct A{a l ). More formally, we have 

A(aV) = A{a l )A(a j ) and A(h > a 1 ) = A{h) > A(a i ). (23) 

Due to this fact we can think of (|21j) as nothing other than an addition law 
for q-deformed vector components. In this article we use this fact to derive 
translation operations for q-deformed supernumbers. 

Next, let us make contact with another important ingredient of q-deformed 
super analysis, i.e. q-deformed Grassmann exponential. For this purpose we 
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have to suppose that our category is equipped with a dual object X* for 
each algebra X in the category. This means that we have dual pairings 



( , ):I8I^C with (e a J b ) =<t 



(24) 



where {e a } is a basis in X and {f a } a dual basis in X*. Now, we are able 
to introduce an exponential map [44] which is defined to be the dual object 
of |23}. Thus, the exponential is given by 



It was shown in Ref. [31] that there is such a dual pairing of Grassmann 
variables and corresponding partial derivatives. Specifically, we have 



(,}:M d ®M e ^C with (/(&), g(9)) = <■(/(&) > g(9)). (26) 



If we know a basis of the coordinate algebra Me being dual to a given one 
of Mg, then we will be able to read off from the definition in Eq. (j25j) the 
explicit form of the q-exponentials. This task will be done in the subsequent 
sections for all quantum spaces under consideration. 

3 Two-Dimensional quantum plane 

In this section we present explicit formulae for elements of q-deformed su- 
peranalysis on antisymmetrized Manin plane (for its definition see also Ap- 
pendix To begin with, we introduce the notion of a left-superintegral. 
With the partial derivatives obeying the relations in Eq. (|10[l this can be 
done in complete analogy to the undeformed case: 



This integral shows the same properties as its classical counterpart. Thus, 
it is linear, normed and translationally invariant. Linearity is clear because 
of the linearity of the derivatives and the other two properties follow from 
its very definition, since we have 



exp : C — > X* <g> X, with 




(25) 



a 




(27) 




a = 1,2 



(28) 



and 




a = 1,2. 



(29) 
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We could also have started our considerations with the conjugated partial 
derivatives (dg) a whose representations are linked to those in (|12|) via the 
correspondence (see Ref. [37]) 

(4)a>/(0\0 2 ) ^ -{do)a'>f{f,e 1 ), (30) 

/ 

where a' = 3 — a. The symbol <— denotes a transition between the two 
expressions via the substitutions 



ck<— *a a-^-KX. a *—* a 



i i i 

a<—*a a<— »ck a<—*a 

J < * J , Ja < > Ja>, Ja(3 < * Ja'f3>, Oi, P = 1,2. 

The corresponding superintegral then becomes 

f(8\6 2 ) d\6 = {de)20e)i>f{e\e 2 ) = f 12 . (32) 

Notice that in Eqs. (f77|) and (|3*2)) the subscripts at the integration measure 
help us to distinguish the two types of superintegrals. Using the action of 
conjugated partial derivatives on Grassmann variables, it is again straight- 
forward to show that 

je l e 2 d\e = i, j e a d\e = J d\e = o, a = 1,2, (33) 

and 

J (de) a >f{e\6 2 )d\e = Q, a = 1,2. (34) 

However, superintegrals can also be constructed from partial derivatives 
acting on a supernumber from the right. Let us recall that left and right 
derivatives are related to each other by (see Ref. [37]) 

f{6\6 2 ) < g ) a -(d e ) a ,>f(9\9 2 ), (35) 

f(6 2 ,o l ) < (d e ) a -(do)* > f(e\e l ), 

where < < ~ > > now stands for the transition 



e^e a \ (36) 
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j./ a<-*g' j,, j, a a<-W j, a/ j, a /3 <*<-><*' 

Using right derivatives, we can proceed in very much the same way as was 
done for left derivatives. This way we introduce 

J d 2 R 9 f(6\ 9 2 ) = f(6\ 6 2 ) < {d e ) 2 {de)i = fi2, (37) 

d\0 f(6 2 , 9 l ) = f(6 2 , 9 l ) < (deUdeh = / 21 . 

The new definitions lead immediately to 

d 2 R 9 9 l 9 2 = 1, J d\9 9 a = J d 2 R 9 = 0, (38) 

j d\9 9 2 9 l = 1, J d\9 9 a = J d\9 = 0, a = 1, 2, 

and 

r d 2 R 9f(9\9 2 )<d% = 0, (39) 
d\6 f(9 2 ,9 1 ) < d a = 0, a = 1,2. 

Next, we come to the q-deformed superexponential. For its calculation 
we need to know the dual pairing between partial derivatives and coordi- 
nates. Explicitly, we have as non-vanishing expressions 

((deh,e 2 ) L>R = ((d e )x,e 1 } LjR = {(de)i(d e ) 2 ,9 2 9 l ) LyR = 1, (40) 

which follow from the very definition of the dual pairing together with the 
action of partial derivatives on Grassmann variables. From the above result 
we can at once read off theelements of the two bases being dual to each other. 
Inserting these elements into the general formulae for the exponential in Eq. 
(|25(1 we obtain as explicit form of the q-deformed superexponential on Manin 
plane 

exp(% | (d e ) L ) = 1 <g> 1 + 9 1 (deh + 9 2 ® (d ) 2 + 9 2 9 x ® (<9 e )i(d e ) 2 . (41) 

Repeating the same steps as before for the conjugated partial derivatives we 
get instead 

((.de)i,0 1 )l,R = ((deh,0 2 )L,R= {(de)2{de)i,e l 9 2 ) LtR = 1, (42) 
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and consequently 

exp(9 R | (d e )- L ) = 1 <g> 1 + 1 <g> e )i + 9 2 ® (d e ) 2 + Q l 2 ® (6eh(&e)i- (43) 

The above two results together with those corresponding to unconjugated 
partial derivatives establish the correspondences 

(9sSl,r 9 ^ (9sSl,r, (44) 

ot*-KX f 

exp(6 R | (d e ) L ) T^> 9 exp(6 R \ (dg) z ) , 

where the symbol V-U 9 now denotes a transition via 

e a ~9 a ', (de) a ~(de)a>, q^q- 1 - (45) 

The above considerations on dual pairings and superexponentials are 
based on the use of left derivatives, but they carry over to right derivatives 
as well with a few necessary modifications. Towards this end, we have to 
realize that the definitions 

give a dual pairing as well. Now, we can repeat the same resonings as above. 
This way we get 

(Oud]) LtR = (9 2 ,d 2 e ) LtR = (e 1 9 2 ,d 2 e d 1 e ) LtR = 1, (47) 
(0i:do)L,R = (^2,d 2 )i jR = (O20i,d(jd e )i :R = 1, 

and 

exp((d e ) R | 6 L ) = 1 <g> 1 + d] ® 9 ± + d 2 e 9 2 + d 2 d 1 ® 6^2, (48) 

exp((d e ) R | e- L ) = i <g> i + &\ ® e 1 + B 2 e ®e 2 + ^b 2 ® 2 0i- 

Comparing these results to those for left derivatives shows us the existence 
of the crossing symmetries 

@0,£>M. (49) 
{Q,de)l,R a ^ {d e ,i)L,R > 
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and 

eM(d 9 )R I 0l) ^ exp(0£ | (d e ) L ) , (50) 
exp((d g ) R | 6- L ) T^> exp(9 R \ {d e )i) , 

where indicates one of the following two substitutions: 

a) (8 e ) a ~ 9 a , 9 a <-> d a e , (51) 

b) (Be) a <-> a <-> d% . 

Next, we would like to deal with Grassmann translations. As was pointed 
out in Sec. [^translations on quantum spaces are described by the coproduct, 
which on spinor coordinates reads [37] 

A^ 1 ) = 9 1 ® 1 + At 1 / 4 ® 9 1 + 9 - 1 AAr- 1 / 4 T- ® fl 2 , (52) 
A £ (# 2 ) = 9 2 (g) 1 + Ar^ 1 / 4 <g> e 2 . 

Notice that r, T + and A denote generators of U q (su(2)) and a scaling opera- 
tor, respectively. Now, we can follow the same reasonings already applied in 
Ref. [36]. In this manner the coproduct is split into two parts by introducing 
left and right coordinates: 

A L (e a ) = e a ®i + (Ce) a p ®e p = e? + c (53) 

where 

0f = 0?®l, &? = {Co)%®QP, a = 1,2. (54) 

Since the entries of the £-matrix are built up out of symmetry generators, the 
commutation relations between right and left coordinates can be derived in a 
straightforward manner from the commutation relations between symmetry 
generators and Grassmann variables (their explicit form was given in Ref. 
[37]). It follows that 

9le\ = -e}el (55) 

9 2 r 9\ = -q~ 1 9j9 2 , 

a2n2 _ o2n2 
U r V l - -V l V r . 

Furthermore, these relations imply 

/\ L {9 2 9 1 ) = A L (9 2 ) AiiO 1 ) = (9 2 + 9 2 )(9} + 9 l r ) (56) 
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— "/ "T "/ + "r"i ~r "r"r 

Notice that in the last step we have switched all right coordinates to the 
right of all left coordinates. Now, we are in a position to read off from the 
above results the explicit form of a Grassmann translation. Specifically, it 
becomes for a supernumber written in the form of Eq. © 

/(0e £ V) = f^ + o 2 r M + el)\ e ^ eae ^ a (57) 

=f + fi(e 1 + ^ 1 ) + f2(e 2 + ^ 2 ) 
+ f2i(o 2 e 1 + #V - g _1 0V 2 + vV)- 

For a proper understanding of the definition above, one should realize that 
substitutions can only be performed after all right coordinates have been 
commuted to the right of an expression. 

In order to introduce translations in the opposite direction we need to 
consider the antipode corresponding to the coproducts in Eq. (|52j) . On 
spinor coordinates this antipode takes the form [37] 

S^O 1 ) = -K- l T - l / A 9 l + q^XA-W-^T-e 2 , (58) 
S- L (9 2 ) = A-V/ 4 2 . 

However, what we are looking for is an antipode in terms of right or left 
coordinates. To achieve this, we have to exploit the Hopf algebra axiom 

m o (S <g> id) o A = m o {id <g> S) o A = e, (59) 

where m denotes multiplication in the Grassmann algebra. If we substitute 
for the coproduct the expressions in Eqs. (|53|) and (|56|) . we arrive at 

S L (9 a ) + 6 a = 9 a + S L (9 a ) = 0, a = 1,2, (60) 

and 

S L {9 2 9 1 ) + S L {6 2 ) 9 1 - q^SziO 1 ) 9 2 + 9 2 9 1 (61) 
= 9 2 9 l + 9 2 S L (9 1 ) - q- l 9 1 S L {9 2 ) + S L (9 2 9 1 ) = 0. 
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This system of equations can be solved for Si(9 a ), a = 1,2, and Si(0 2 6 l ), 
leaving us with 

S L (0 a ) = -e a , a = 1,2, (62) 

s- L {e 2 e l ) = q - 2 9 2 e 1 . 

Finally, the last results allow us to introduce the following operation on 
super numbers: 

f(e L 6) = S L {f{6 2 ^)) (63) 

= f + h s- L {e l ) + h s- L {e 2 ) + / 2 i s L {e 2 e l ) 
= f - hG 1 - f 2 e 2 + q- 2 f 2 i0 2 e 1 . 

Our considerations about translations can also be applied to the opposite 
Hopf structure given by 

A R = roA L , S R = Sl\ (64) 

where r denotes transposition of tensor factors. Right and left coordinates 
are now defined by 

of = e p ®{c e )% e« = i®e a . (65) 

Then we have for coproduct and antipode respectively 

Ait(0 Q ) = 0f + C a = 1,2, (66) 

A^e 2 ) = ejef + e}e 2 - q e 2 e l r + ele 2 , 

and 

S R (6 a ) = -0 a , ol = 1,2, (67) 

s R {e l e 2 ) = q 2 e l e 2 . 

Consequently, we find as corresponding operations on supernumbers 

/(0©*WO = /' + W 1 + V- 1 ) + f2(e 2 + v 2 ) (68) 

+ /i2(^ 2 + V - + V>V), 

f(e R o) = f- ho 1 - f20 2 + q 2 h2e l e 2 . 

From what we have done so far we can easily derive the crossing symmetries 

/ 

at—to. 

^Sr,® r ,Q r q ^ A L ,S L ,® L ,Q- L , (69) 
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with the transition symbol having the same meaning as in Eq. Q44|) . 

It would have been possible to begin with the other Hopf structure by 
starting with the coproducts Al, Ar and the antipodes Sl, Sr. However, 
the expressions for the corresponding operations ® L , Q L and ©„, Q R are 
obtained most easily by the transformation rules 



A L ,s L ,® L ,e L ^ A- L ,s- L ,e L ,e L , (70) 

/ 

Ar,Sr,® r ,O r A R ,S R ,® R ,G R , 



as can be proven by a direct calculation. 

Our final comment concerns commutation relations between supernum- 
bers and arbitrary elements of other quantum spaces. In Sec. |21 we called 
formulae for calculating such relations braided products. Recalling the iden- 
tities in (|19|) . we can conclude that braided products for supernumbers take 
on the form 

f(9 2 , 6 l )Q L g = g®f' + f a {{Cg)% > g) <8> 6? (71) 
+ h 1 {(Ce)*(C e )\t>g)®6~<e\ 

9 Qr f(Q 2 > 6 1 ) = f>®g + 6P®(g< {C e )f) f a 
+ (g^iCef^Ce^^e^ 6 , 

and likewise for the other braiding with the ^-operator now substituted 
by its conjugate. Notice that in the last two identities summation over all 
repeated indices is to be understood. After having inserted the explicit form 
of the ^-operator and then rearranging, it follows that (for compactness, we 
have abbreviated monomials of ordering 9 2 6 1 by the symbol 0—) 



f(0 2 , 1 ) Q L/L g = g®f' + J2 K {(Of)f /L > g) ® & K , (72) 
9 Qr/r f(0 2 , l ) = f'®9 + Y.K eK ®{ 9< Vft/l) > 

where 

(O f ) 1 L = A- 1 T- 1 /\f 1 -q\f 2 T + ), (73) 
(O f )l = A-'r^h, 

{O f )f = A- 2 , (74) 
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and 



(0,)£ = Ar^/i, (75) 
{O f )l = Kr~ l l\h+q- 1 \hT-\ 

(Of)f = A 2 - (76) 
4 Three-Dimensional q-deformed Euclidean space 

The three-dimensional antisymmetrized Euclidean space (for its definition 
see again Appendix can be treated in very much the same way as the 
two-dimensional quantum plane. Thus we restrict ourselves to stating the 
results, only. In complete analogy to the two-dimensional case we define left 
and right Grassmann integrals by 

f(6 + ,6 3 ,8-) die = (de)-(d e Ud e ) + > f(0 + ,6 3 ,e-) = / +3 _, (77) 

40 f(6-,9 3 ,0 + ) = f(6-,9 3 ,0 + ) < @ e )+0eh0o)- = /-3+, 

where the actions of partial derivatives have been calculated in Ref. [37]. 
Again this definition has the consequence that 

J e + e 3 e- die = 1, J 1 d\e = j e A die = o, (78) 
e + e 3 d 3 L e= [ e + e-d 3 L e= I e 3 e-d 3 L e = o, 



(we take the convention that labels which are not specified any further can 
take on any of their possible values, i.e. in our case A E {+, 3, — }) and 

3 a a— a3n+ i / j3 q 1 / ^3 n aA 



d%e e~e 6 e + = 1, / d 6 R e 1 = / d%e e A = o, (79) 



j d 3 R e e 3 e + = j , 



d 3 R e e-e + = J d 3 R e e~e 6 = 0. 

As usual, translational invariance is then given by 

(d e ) A > f(e + ,e 3 ,e-)d 3 L e = o, (so) 
J d 3 R e f(e-,e 3 ,e+)<(d e ) A = o. 
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The corresponding expressions arising from the conjugated differential cal- 
culus are obtained from the above ones most easily by applying the substi- 
tutions 

d 3 L e d\e, d%e «-» d\e, (8i) 
f(9+,9 3 ,e-)~f(e-,e\e + ), 

>•*->■ >, <<-><, 
where we have introduced indices with bar by setting 



(+,3,-) = (-,3,+). (82) 
For this substitution to become more clear we give as an example 

J (d e )+ > f{0+, e\ 6-) d\e <-> j {de)- > f(e~, e 3 , e + ) d\e. (83) 

Next we come to the superexponentials. From the pairings 



{(d e )-,9-) LtR = ((de) 3 ,e 3 ) LjR = {{d e ) + ,e+) LtR = 1, (84) 

((deUdeh,9 3 e-} L ,R = h ((deUde) + ,e + e-} L , R = h 
{(d e Hd e ) + ,e + 6 3 ) LtR = i, {(d e )^deMd e ) + ,9 + e 3 e~) LtR = l, 

we can read off for the exponential an expression which is the same as in 
the undeformed case: 

exp(9 R | (d e ) L ) (85) 
= 1 ® 1 + e + ® (d e )+ + 9 3 ® (d e ) 3 



+ 



+ 9-0 (d e )- + 9 + 9 6 (d e Hd e ) + + 9+9' ® {d )-(d ) 
+ 9 3 9- ® (d e )-(d ) 3 + 9 + 9 3 9- ® {d e )-[d e )z{d e ) + . 

In complete accordance with the considerations of the previous section we 
found as crossing symmetries 

(de,0)z,R q ^ q (de,0) L ,R, (86) 
(^,9)^^ (9,d e ) L:R , (87) 
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and 

exp(0 R | 00)1) & exp(9 R \ (d e ) L ) , (88) 

exp((4)« | 0- L ) exp((d e ) R \ 9 L ) , 

exp(9 R | (B e ) L ) exp((d e ) R I O z ) , (89) 
exp(6»;j | (<%) L ) exp((d e ) R | L ). 

+«- 

The symbol <— ^> now denotes a transition via 

A w0^, A "0 A , q~q-\ (90) 
(a,) A - (dg) A , {de) A " 

whereas < ► stands for one of the following two substitutions: 

a) 9 A «-► d A , d A «-► 9 A , (91) 

b) 6 A <-► d A , d A «-► 9 A . 

Now we concentrate our attention on the Hopf structure for Grassmann 
variables. With its explicit form given in Ref. [37] we can show that on a 
basis of normal ordered monomials the expressions for the coproduct become 

A L (9 A ) = 9 A + 9 A , (92) 

A L (0~0 3 ) = 0~0f + 9~9f - q 2 9?9~ + 9~9 3 , (93) 
A L (9-9 + ) = 9f9 + + 0f0+ - q 4 9+9~ + 0~0+, 
A L (0 3 0+) = 3 0+ + 3 0+ - q 2 9 + 9 3 + 9*9+, 

A L (9~9 3 9 + ) = 9~9?9+ + 9~9f9 + + q 6 9?9 + 9~ - q 2 9~9 + 9l (94) 
+ 9-9*9+ - q 2 9\9~9t + q 6 9 + 9~9 3 + 0~0 3 0+ 

Notice that right and left coordinates are defined in complete analogy to the 
two-dimensional case. The above results are consistent with the antipodes 

S L (9 A ) = -9 A , (95) 
S L (9-9 3 ) = q A 9~9 3 , S L {9-9 + ) = ^ 4 0-0+ 
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s L {9 3 9 + ) = q 4 9 3 e + , s L (0-e 3 9 + ) = q s 0-e 3 e + . 

Making use of the crossing symmetries 

+<->- 

A L ,S L ^ A L ,S L , (96) 

Ar,Sr a r ,s r , 

+<->- 

A l ,Sl"^ A R ,S R , (97) 

+<->- 

&l,S l 9 ^-? A R ,S R , 

we are able to find the corresponding expressions for the other types of 
Hopf structures. Now, the explicit form of the q-deformed addition law 
for supernumbers should be rather apparent from what we have done so far. 
Thus it is left to the reader to write down the explicit form of the operations 
and 0. 

We conclude this section by presenting explicit formulae for braided 
products concerning supernumbers represented in the form of Eq. (jlj , where 
9— shall now denote monomials of ordering 9 + 9 3 9~ . Explicitly, we have 

f(0+, 9 3 , 9-)Q L/L g = g®fi + Y, K ((O f )f /L >g)® (98) 

9® R/R W + , 3 , 9-) = f®g + J2 K ° K ®(d< (O f )f /L ) , 

where we introduced abbreviations for the following combinations of U q {su2)- 
generators: 



mi 




(99) 


(Of)l 


= A- 1 (/ 3 + gAA + / + T 1 / 2 L + ), 




(Of)l 


= A-Hf-r 1/2 + AA+/ 3 L+ + , 2 A 2 A + / + r^(L+) 2 ), 




(Of)? 


= A-V+sr 1 / 2 , 


(100) 


(P f )f 


= A- 2 (/ + _ + g 2 AA + / +3 r 1 / 2 L + ), 




(Pf)l- 


= A-^/a-r" 1 / 2 - g- 1 AA + /+_L+ 






+ g 2 A 2 A +/+3 r 1 / 2 (L+) 2 ), 




(Of)f- 


= A- 3 /+3-, 


(101) 
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and likewise for the second braiding 

(O f )+ = A(/ + r~ 1 / 2 + \\ + hL~ + g- 2 A 2 A+/_rV2(L-) 2 ), (102) 
{O f f L = k{h + q- 1 \\ + f-T 1 / 2 L-), 



(O f )f = A^Z+gr- 1 / 2 - g- 1 AA+/ + _L- (103) 

(0 / )±-=A 2 (/ + _ + AA + / 3 -r 1 / 2 L-), 
(0 / )|-=A a /8-r 1 / a , 

(0 / )f- = A 3 / +3 - (104) 

As in the two-dimensional case our formulae for braided products require to 
know the actions of symmetry generators on quantum space elements. The 
explicit form of these acions is already known from Refs. [33] and [37]. 

5 Four- Dimensional q-deformed Euclidean space 

All considerations of the previous sections pertain equally to the antisym- 
metrized Euclidean space with four dimensions. For its definition and some 
basic results used in the following we refer the reader to Appendix EI an d 
Ref. [37]. To begin, we introduce Grassmann integrals by 

J f{e\o\e\o x )die (105) 



{d e )i{de)2{deUd e ) i > /(0 4 , 3 , 2 , 1 ) = /; 



1234, 



J d%9f(9\e 2 ,e 3 ,e 4 ) (106) 



/4321- 



Using the explicit form for the action of partial derivatives (see Ref. [37]), 
one immediately arrives at 



/ 
/ 



e 4 e 3 e 2 9 1 die = i, je i die = o, i = i,...,4, (107) 

6¥ die = 0, G {(4, 3), (4, 2), (4, 1), (3, 2), (3, 1), (2, 1)}, 
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J e k e l e m d\e = o, (k, i, m) e {(4, 3, 2), (4, 3, 1), (4, 2, 1), (3, 2, 1)}, 

and 

J d%e e 1 e 2 e 3 e 4 = 1, J d%e & = 0, (108) 

j d R 9 Pffl = 0, e {(1, 2), (1, 3), (1,4), (2, 3), (2, 4), (3, 4)}, 

J d%e e k e l e m = o, (k, i, m) e {(i, 2, 3), (1, 2, 4), (1, 3, 4), (2, 3, 4)}. 

In the same way one readily proves translational invariance, i.e. 

J(d e ) l s>f(e\e 3 ,6 2 ,e 1 )die = o, (109) 
J d%9f(9\e 2 ,e 3 ,e 4 )<(d )i = o. 

Applying the substitutions 

d A L 6 «-► d\9, d R 6 «-► d%9, (110) 

0**0*', (de)i~(de)i; i' = i-5, 
>■*-»• >, <<-><], 

to all of the above expressions yields the corresponding identities for the 
conjugated differential calculus. 

Next, we turn to super exponentials. From the dual pairings 

(Wi/>i,fl = l> » = 1...,4, (111) 
((de)i(deh, eW)^ = {(deUd e ) 3 , 6 3 6 l ) Lfi (112) 

= ((deh(deU,e 4 e 1 ) L>R = ((d e Md e h,e 3 e 2 ) LtR 
= ((deHde)4,e 4 e 2 ) L<R = ((d e MdeU,e i e 3 ) LtR = i, 

((de)i(de)2(d e ) 3 ,e 3 e 2 e 1 ) LiR = ((deUdeUde^eW)^ (113) 
= ((de)i(deHde)4,eW) Lfi = {(d e )2(d e )s(de)4,e 4 e 3 e 2 ) LjR = 1, 

{{de)i{d d )2(deUde%e A 9 3 e 2 e 1 )r R = 1, (114) 
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we can deduce for the exponential 
exp(0 5 \{d e ) L ) 

= \®l + 6 l ® {d e )i + 6 2 ® {d e ) 2 

+ e 3 ® (<%) 3 + fl 4 ® (0 e ) 4 + 4 3 ® (a e ) 3 (a e ) 4 

+ 4 2 ® (deHdeh + ® (0 9 )i(8*) 4 

+ fl 3 ^ ® (^)i(So)3 + fl 2 ^ ® (a fl )i(^) 2 

+ fl 4 fl¥ ® (d e ) 2 (<%) 3 (<%) 4 + fl 4 ^ 1 ® (a fl )i(^) 3 (^) 4 

+ tf 4 ^ 1 ^ (a fl )i(a„) 2 (a 9 ) 4 + We 1 ® 

)4- 



+ e*eW ® (d 9 MdoMd e ) 3 (d ) 4 



The other types of pairings and exponentials correspond to the above 
pressions through 



q^l/q 



and 



{de,e) L ,R " {0,9b) l,R > 



exp(6 R | (4)z) exp(% | (<9 e ) L ) , 

exp((4)ii | 0£) exp((<%)£ | £ ) , 



exp(0 fi | (0 e ) £ ) < — ► exp((<%) R | £ ) , 
exp(0R | ^ exp({d e ) R \ 9 L ), 



where symbolizes the transition 



<-> 0j', g <-> g \ 



{def^{d )\ {de)i~{de) v , 
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and < — ► stands for one of the following two substitutions: 

a) di++6i, (121) 

As we already know, Grassmann translations are determined by the ex- 
plicit form of the coproduct, for which we found in terms of right and left 
coordinates 

A L (e i ) = e i l + ei, * = i,...,4, (122) 
A L (eio k ) = o\o\ + o\o k r - q o\oi + offi , 

Al(9^9 4 ) = Of 6f + Of Of — q 2 0i Of + 0f0 r , 
A L (0 2 3 ) = Of Of + Of Of - q 2 0f0f + of of - q 2 X0f0f , 

A L (O 1 2 3 ) = Of Of Of + Of Of Of - q 2 0f0f0 2 r (123) 
+ q 2 0f0f0f + 0f0f0f-q0f0f0f 
+ q^OfOfOf + Of Of Of — q 2 Xofofof , 

A L (0 W) = fl^f + fl^tf 4 - gtfflffl? 

+ q 3 0?0f0f - qOfOfOf + Q 3 ^ 4 ^^ 

_1_ fll/5 a fl4 _j_ nlnanA 
+ (7j f r (7 r + (7 r (7 r (7 r , 

A L (flW) = 2 3 4 + 2 3 4 - g 2 3 2 4 
+ Q 2 0f0f0f + 2 3 4 - qOfOfOf 
+ q^OfOfOf + Of Of Of — q 2 Xofofof , 

A L (0Wfl 4 ) = ^fflf + fl/f^ - g^0 2 4 3 (124) 

+ iofofofof - g 4 ofofofof + of of of of 

- q 2 0f0f0 2 r 0f + q 2 0f0f0f0f + q 2 0f0f0f0f 

- <f Of Of Of Of + q 6 0f0f0f0f + Of Of Of Of 

- qOfOfOfOf + q 3 Of OfOfOf — q^OfOfOfOf 
+ Ofofofof — q 2 X0f0f0f0f, 

where 

a = 2,3, (j,fc) € {(1,2), (1,3), (2,4), (3,4)}. 

For the sake of completeness we wish to write down the expressions the ac- 
companying antipode gives on the same basis of normal ordered monomials: 

S L (9 i ) = -0\ i = l,...,4, (125) 
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S L (6 j 6 k ) = q 2 e j 9 k , 

s L (e l e m 9 n ) = -q 6 e l e m e n , 
s L (6 l 6 2 6 z e A ) = q 12 e 1 e 2 e 3 e 4 , 

with 

€ {(1,2), (1,3), (1,4), (2, 3), (2, 4), (3, 4)}, (126) 
(l,m,n) € {(1,2,3), (1,2, 4), (1,3, 4), (2,3, 4)}. 

The formulae for the other types of Hopf structures follow from 

«<-*' 

A L ,S L 9 ^ A L ,S L , (127) 

./ 

2 * — *% 

A R ,S R Ar,Sr, 

A L ,S L ri4 9 A R ,S R , (128) 

A- L ,S- L & A R ,S R . 

Last but not least we list expressions for braided products with super- 
numbers. In general, we have 

f(d\e 2 ,e\ e 4 ) © L/Z g = g ®f + ^ K ((o f )f /L >g)® 9 K , (129) 
9& R/ R f(o\o 2 , e\ e 4 ) = f®g + Y.K e ~ ®{ 9< (°/>?/z) ' 

where the sum includes all monomials of ordering 9 1 2 9 3 6 4 , and the oper- 
ators we introduced in the above formulae are specified by the following 
combinations of [/^(so^-generators (for their action on quantum space ele- 
ments we refer again to Refs. [33] and [37]): 

(O f )l = ~KKl /2 Kl'\h + gA/ 2 L+ + q\f 3 L+ (130) 

- q 2 X 2 f 4 L+Lt), 
{O f ) 2 L = KK- l/2 Kl /2 {f 2 -q\ULt), 
(O f f L = ~KK\ /2 K- 1/2 {h ~ qXULf), 
(O f ) 4 = AK~ 1/2 K^ 1/2 f A , 

(O f ) 12 = ~A 2 K 2 (f 12 - qXfuLt ~ 9 2 A/ 23 L+ (131) 



25 



- <?A 2 /34(£ 2 + ) 2 ), 

{Of)? = A 2 Ki(/i 3 - qXfuLf + A/ 23 L+ 

- q\ 2 f24(.Lf) 2 ), 

{Of)? = A 2 (/ 14 - q 2 \f2AL+ + XfuLt), 
(Of)? = A 2 (/ 23 - q\f 2 ALf + qXf u L+), 
(Of)? = mV, 
(0 7 )1 4 = f u A 2 K 2 \ 

(Of)? 3 = A 3 K 1 1/2 K 2 1/2 (/ 123 - qXf 124 Lf - q\fiuL+ (132) 

+ q 2 X 2 f 2U L+L+), 
(Of)? 4 = k 3 K- l/2 Kl /2 (h u - qXf 2U Li), 
(Of)? 4 = A 3 K? 2 K 2 1/2 (f lu + qXf 2U Lt), 
(Of) 2 ? 4 = huA 3 K^ 2 K^ 2 , 

(Of)? 34 = / 1234 A 4 , (133) 
and likewise for the other braiding 

(0 f )\ = K-'hK-^K- 1 ' 2 , (134) 

(0f)\ = k-^K X ? 2 K~ Xl2 (h - q-'XhL-), 

(0f)\ = A- 1 K 1 - 1/2 K 2 1/2 (/ 3 - r'A/iLJ), 

(0f )\ = A^K? 2 K? 2 (f± + q^XfsLi - q- 4 XhL 2 

- q- 2 X 2 hL^L^), 

(O f )? = f 12 A- 2 K 2 4 , (135) 
(O f )? = f 13 A- 2 K^, 

(Of)? = A- 2 (f 14 + q- x \faLl + q- 3 Xf 12 L 2 ), 
(0 f )f = A- 2 (/ 23 - <T 2 A/ 13 Lr + q- 2 Xf l2 L 2 ), 
(Of) 2 ? = ~A~ 2 K x (h± ~ XfuL^ - q- l Xf 2Z L^ 

- q-'X 2 /^) 2 ), 

(Of) 3 ? = A- 2 K 2 (f u - Xf u L 2 - qXf 23 L 2 

- q- 1 X 2 f 12 {L^) 2 ), 
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(O f )f 3 = f l23 A' 3 K- 1/2 K- 1/2 , (136) 
(O f )f 4 = A- 3 Kl /2 K 2 1/2 (f 12 , + q- l \f 123 L^), 
(O f )f 4 = A- 3 ^- 1/2 K 2 1/2 (/ 13 4 - q- l \f 123 L 2 ), 

(Of)f 4 = A-X 1/2 ^2 /2 (/234 " <?" 1 A/l34^r + <?~ 1 A/l24^ 2 " 

+ q' 2 X 2 fi 23 L^L 2 ), 
(0/)f 34 = /1234A- 4 . (137) 



6 q-Deformed Minkowski space 

In this section we would like to focus on antisymmetrised q-Minkowski space 
(its definition is given in AppendixEJ. If such a space is fused together with 
its symmetrized counterpart, it gives a q-deformed superspace useful for 
physical applications. Again, we start with the introduction of Grassmann 
integrals: 

J f(0-,0 3/o ,9 3 ,9 + ) d A L 9 (138) 

^ - q - 2 d e dpl /0 d+ > f(e-^'\e\e+) = /_, 3/0 , 3+ , 

j d%e f{e-,e i i°,e i ,e + ) (139) 
= -g 2 f(e + ,e 3 ,e 3 /°,e-) < dj d Q e d e = / +3l3 /o,- 

A direct calculation using the explicit form for the action of partial deriva- 
tives on supernumbers [37], shows for left superintegrals that 

J 9-9 3 /°e 3 9 + d 4 L e = 1, (140) 
Je"die = o, » e {+,3/0,3,-}, 

J 9 V 9? d\9 = 0, J 9 a 9?9f d\9 = 0, 

with 

(u, p) e {(-, +), (-, 3/0), (-, 3), (3, +), (3, 3/0), (3/0, +)}, (141) 
(a,P,i) € {(-,3/0,3), (-,3/0, +),(-, 3,+), (3/0,3,+)}. 
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and likewise for right superintegrals, 

J d%e e + e 3 e 3 /°e- = 1, (142) 

40^ = 0, ^€{+,3,3/0,-}, 
J d%9 9 v 6 p = 0, J d%9 e a 9?9~> = 0, 



where 



(u, p) € {(+, -), (3/0, -), (3, -), (+, 3), (3, 3/0), (+, 3/0)}, (143) 
(a, (3, 7 ) € {(3, 3/0, -), (+, 3/0, -), (+, 3, -), (+, 3, 3/0)}. 



In the same way we can prove translational invariance given by 

dZ>f(e-,e 3 /°,6 3 ,e + )die = o, (144) 
d%e f(e + ,0 3 ,e 3 /°,e-)<d% = o. 



/• 
/■ 



By performing the substitutions 

d 4 L 6 «-► dp, d%9 «-► d%9, (145) 
f{9~, 9 3 , 9 3 /°, 9+) <-» f(9 + , 9 3 , 9 3 /°, 0~), 
f(9+, 9 3 /°, 9 3 , 9-) <-> f(9~, 9 3 /°, 9 3 , 6+), 
9±~9^, (^)±^(4)T, q^q-\ 
> >, <•*-»• <, 

we get the corresponding expressions for the conjugated differential calculus. 

It is not very difficult to find out that the two bases described through 
the pairings below are dual to each other: 

(tf,0-)L,R = -<l, H 3/ V>L,* = 1, (146) 
(dl0 3/o ) L ,R = h (de,0 + ) L , R = -q-\ 

(dedj, 9-9 + ) L ^ = 1, (dfd+, 9~9 3 ) LM = -q, (147) 
(dedf, 3 9+) LM = -q~\ (d^°, = -q~\ 

(d° e d+,9-9 ) LtR = 2q 2 X-\ {d e d° e ,0°9 + ) LjR = 2\-\ 
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(d° e d 3 e /0 d+,e-e^e 3 ) LtR = q 3 , (d e d 3 e /0 d+, 9-9 3 9+) Ltk = 1, (i48) 
(d e d° 6 d 3 e /0 ,e^W) LtR = g , (dgd e d+,e-e°e + ) LiR = -2q\+\ 

(d e dl /0 dld+, e-9 9 3 /°e+) L>R = -q 2 . (149) 

By virtue of these identities, the exponential is given by 

exp(% | (dg) L ) (150) 
= 10 1- q- l Q- ® 0+ + 9 3 ® d 3 / + 9 3/0 ® d Q e 

- q e + ® 0- + ® c^9+ - g _1 0-0 3 a 3/0 d+ 

- q e 3 9+ ® a,-a e 3/0 - <r 2 3 /°0 3 a°d 3/0 

+ q - 3 9-9 3/0 9 3 ® d$de /0 d£ + #-# 3 0+ <g) dg8$ /0 d£ 

+ g-^W <g> d e d° e dl /0 - l -q- l \ + 9-9»9+ ® 3 fl -0°0+ 

- g 2 #-# 3 / fl 3 # + ^d^d 3/0 d+. 

Furthermore, we have the crossing symmetries through 







< — > (Ms^)l,r > 


(151) 






< ► (£,&}l,.R , 








< ► (i,is)L,R , 


(152) 




^ L,R 


< ► {(L> <h))L,R > 





and 

exp(^ I e )z) ^ exp(^ I (^)i) , (153) 
exp((d e ) K I £ ) ^ 9 exp((d e ) 5 | X ) , 

exp(0 fl I (4)l) « exp((4)i? I 9 L ) , (154) 
exp(6»^ | (dg) L ) exp((<%)£ | 6> L ) , 

where the transition symbols have the very same meaning as in Sec. HI 
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Next we would like to provide formulae for the coproduct of Grassmann 
variables. On a basis of normal ordered monomials we have found 



A L (n = #f + ^, MS {+,3/0,0,-,}, (155) 

a l (9 + 9 3/0 ) = e+ef /0 + 6+6 3 J Q - q - 2 ef /0 e+ + e+0°, (156) 

A L (6+6°) = 6+6° + 6+6° - 9°9+ + 9+9° 

+ xx^9+9 3 r /° - q- 2 \\- + 1 ef G 9+, 

A L (6+6-) = 6+6- + 6+6- - q- 2 9^6+ + 6+6; 

A L (9 3 /°9°) = 6 3/0 6° + 9 3/0 9° r - q- 2 9°9 3/ ° + 9 3 /°6 r 

+ XX+ 1 9f /0 9 3 r /°-q- 2 X9r9+, 
A L (6 ? '/°6-) = 6 3/0 6^ + - q- 2 d;6^ + 9 3 J% , 

Al(6°6 ) = 6f&£ + 6f6 r — 9, 6° + 6°6 r 

+ XX~ 1 9f /0 9; - q- 2 XX- 1 9-9 3 /°, 

A L (6+6 3 /°6°) = 6+6 3/0 6? + 9+6 3/0 6° r - q- 2 6+6°6 3 /° (157) 
+ q- 2 6f /0 6f6+ + 9+e 3 r /°9 r - q- 2 6 3/0 6+6° r + q- 2 9°6+9 3/ ° 
+ 9+6 3 r /°6° r + q- 1 X9+9f /0 9 3 /° - q- 2 X6+6fd+, 

A L (6+6 3 /°6-) = 6+6 3/Q 6- + 9 + 9 3/0 9; - q- 2 6+6^6 3 /° + q- 4 9 3/0 9^9+ 
+ 6+6 3 ^6 r — q 2 6^ ^ 6+6 r + q ^6^ 6+6 3 ^ + 6+ 6 3 J° 6 T , 
A L (6+6 6-) = 9+9° t 9- + 9+9% - 9+9^9°. + q- 2 9°6f6+ 
+ 9+9°.9 r — 6f6+6 r + q 2 6 l 6+6° + 6+6°6 r 
+ XX^6+6 3/0 6^ +q- 1 XX^6f /0 6 6 3 /° 
+ q-*\\- 1 0f / \0+ + qX(qX - 2)9+0^° 
+ XX~ 1 9+9 3 r /°9; - 2q- 2 XX^ 1 d 3/0 d+d; 

- q^XX-^f^X + q- A XX- 1 9r9+9 3 /°, 
A L (9^°9°9-) = 6 3/0 6°6f + - 6 3/0 6f6 r 

- q- 2 6f6 3 /°6+ + q-\9 3 JX + 6^6% 
+ q- 3 X6 3/Q 6^6 3 J° + q- 2 X6-6+6^, 
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A L (e + 9 3 /°9 e-) = 9+9f /0 9?9- + 9+9^ /0 9f9~ - 9+9 3/0 6f9° (158) 

- q- 4 9f /0 9?9-9+ + q - 4 6+0f0-9ff° + 9+9* l0 9% 

- q - 2 9+ey r i°e; + q - 2 9+9fe 3 /°9° r + q - 2 9f /0 efe+9- 

- q 9, 9^9® + q ^9^9^ 9^6 3 J® + 9^9f^9^9 r 

- q 2 9^ ^ 9^9®9 r + q 2 9f6^6 3 ^9 r + q ^9^ 9^9 3 ^6® 
+ 9^6 3 ^9®9 r — 3q 4: XX, 1 9^9, ^ 9, 9® 

+ q- 2 \\- + 1 9+9^9^9- - q~ 2 \9+9-9+9- 

- q e \\+ 1 9f / \9t9 3 r /° + q- 2 X\^9f /0 9+9 3 r /°9-. 

The expressions for the corresponding antipodes of our normal ordered 
monomials are: 

S L (0") = -0", fie {+,3/0,0,-}, (159) 
S L {9 u 9 p ) = q~ 2 9 u 9 p , 
S L {9 a 9 l3 9 r ) = -q~ & 9 a 9 f5 9\ 
S L (9 + 9 3 /°9 9-) = q- 12 9 + 9 3 /°9 9-, 

where 

(u, p) € {(+, -), (3/0, -), (0, -), (+, 0), (3/0, 0), (+, 3/0)}, (160) 
(a, (3, 7 ) € {(+, 3/0, 0), (+, 3/0, -), (+, 0, -), (3/0, 0, -)}. 

Notice that monomials with unspecified indices have to refer to the ordering 
9 + 9 3 /°9°9~ . In complete analogy to the previous sections, one can check 
the crossing symmetries 

A L ,S L q h^ A L ,S L , (161) 

A R ,S R q ^ q A R ,S R , 
+«-»- 

A L ,S L A R ,S R , (162) 

Finally, let us come to expressions for braided products concerning su- 
pernumbers. Such braided products can be calculated from 

f(9 + , 9 3 /°, 9°, 6-) Q L/L g = g®f> + J2 K ((Of)f /L > 9 )® 0* (163) 
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9Q r/ r f(0 + , e 3/0 , o°, e-) = f® 9 + J2 K o K ®(a< (Of)f /L ) . 

For brevity, we introduced the following combinations of symmetry genera- 
tors (for their action on quantum spaces see again Refs. [33] and [37]): 

(O f ) + L = A(r 3 )^/2 [/+fT 2 _ g i/2 AA V2 /3/oS i (i 6 4) 

- A 2 /- TS 1 + f' 2 \X?' 2 f (T-a* + qS% 

(Of)T = A[V /2 AA; 1 / 2 / + T 2 + / 3 /or 1 

- A; 1 /o(A 2 T-T 2 + g(r 1 -a 2 )) 

+ q -Wf-M?'\T*T-- q - 1 S% 
(O / )i = A(/ a 2 -," 1 /2 AA y 2/5 i )) 
(O f ) L = A(r 3 )V2(_ g 5/2 AA; i/2 /o T 2 + ; _ r i }j 

(O f ) + L 3/ ° = A 2 (r 3 )-^[ /+j3/0 + g-^V+o ((- 2 ) 2 " 1) 

+ ,- 1/2 aa; 1/2 / + _ (t- - s - W) 

- g-^A^/s/co + * V) 
+ q-Wf 3/0,- (S 1 ) 2 

+ A 2 A + /o_((T-) 2 -g- 2 (5 1 ) 2 )], 

(0/)r = AVr 1/2 Lf + o (a 2 ) 2 - g-^AAf / + _ SV) 

- (Z 1/2 AAy 2 /3/o,o SV 2 + A 2 A + / 3/0 ,- (S 1 ) 2 

- ff-^Vo-CS 1 ) 2 ], 

(0;)+- = A 2 [-gV2 AA; V2 /+or V + /+ _ (1 + A 2 T 2 5 1) 

+ (zAVs/co^-^A^Vs/c-r^ 1 

+ (7 1 /2 AA; l/2 /o _ (T - +r 3 r l 5 l )]) 

(0/)f '° = A 2 [(-g 3 / 2 AA; 1/2 / +0 TV + gA 2 /+_ T 2 ^) 

+ /3/o,o (1 + q 2 X 2 T 2 S 1 ) - r 1/2 AAf/ 3/0 ,_ r^ 1 

+ g -V2 A A; 1 /v _(r- + g - 1 r 1 5 1 )] > 

- , 7 / 2 aa; 1 / 2 / + _ tV + , 9 / 2 aa; 1 / 2 / 3/0 ,o TV 

+ /3/o,-(r 1 ) 2 + «-V/o-(l-(r 1 ) 2 )], 
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(O/r = AVr 1/2 /o-, 

(O/) +,V0,0 = Aa^)-!^^ ^^ _ ,-V2 AA; 1/ 2/+)3/o _ S l 

- q^XX^Uo- {qT~a 2 + q~\q* - A+JS 1 ) 
+ X 2 f 3 / 0fi _ T^S 1 }, 
(0 / )^ 3/0 '-=A 3 [-^ 2 AA; 1 / 2 / + ,3/o,oT 2 + / + , 3/ o,-r 1 

+ A;V + o- (q 2 X 2 T~T 2 + q-\l - q 3 X){a 2 - r 1 )) 

+ ^ 3/2 aa; 1/2 / 3/0i0i _ (T-t 1 + (q 3 - X + )S% 

(0/)J°- = A 3 (/ + o- - 2 - ?- 3/2 AAf /3/0A- n 
(0/)f '°- = A 3 ( T 3 ) 1 / 2 (-g' 7 / 2 AA^ 1 ^ 2 / + o- T 2 + / 3/0>0> _ r 1 ), 

(O/)l* 3/0 '° _ = /+,3/o,o-A 4 , (165) 

(O f )+ = A'HU ° 2 ~ q- 1/2 XX- 1/2 f S 1 ), (166) 
( 0f )f = A- 1 {T 3 y 1 l 2 [-q 1 l 2 XX- l,2 f + (T + a 2 + qr 3 T 2 ) 
+ /3/0 + fo (X'T+S 1 + ^(tV - a 2 )) 

- q^XX'^f-S 1 }, 

(O f )l = A- 1 (r 3 ) 1 / 2 (_ (? V2 AA y2 /+T 2 + fo{T s r i T i^ 

(O f )l = A- VA 2 / + T 2 T+ - , 3 / 2 AAf / 3 /o T 2 

- q^XX-^foiqT^-T^ + f.r 1 }, 

(O f )^° = A- 2 (r 3 )^/ 2[/+i3/0 tff + ? -i A -i /+o (T 3 _ ((y3)2) 

- ^aa; 1 / 2 /^ + q' l ' 2 XX- 1/2 f m , SV 
+ ^a 2 a;Vo-(^) 2 )], 

(O f )± Q = A~ 2 (T 3 )^f +0 , 

(0 / )r = A^ 2 [-^ 2 AAf/ +i3/ oTV 2 

+ ^AA; 1 ^ (TV - qT + ) + / + _(1 + q 2 X 2 T 2 S 1 ) 

~ qX 2 f v , fi T 2 S'-q 3 l 2 XX- 1/2 f^^S\ 
(O / )f'° = A- 2 [,V2 AA V2 /+3/0r 2 (7 2 
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- gA 2 / + -T 2 5 1 + / 3 /o,o(l + A 2 T 2 5 1 ) 

+ AA+-VV+0 (q 1/2 t'S 1 - q' 1 ' 2 (T 2 a 2 + g 3 T+))], 
(0 / )f'-=A- 2 (r 3 ) 1 /2 [ ,3 A 2 /+3/o(T 2 ) 2 

+ ^((T'r'n 1 -^) 

- < ? 1 / 2AA; i/2 /+ _(( r 3)-iT+ + (Z T 2 r 1 ) 
+ ^AA^/Vs/o.o (TV 1 - .(r 3 )- 1 ^) 

- g-V/o-(l-(^) 2 )]. 

(0/)J- = A- 2 (r 3 )V2 b 4 A 2 A+/+i3/o (T 2 )2 _ q 3 x 2 f+o (T 2 )2 

- g 5 / 2 AA+V 2 / + _ TV + 5 3/2 AA+V 2 /3 /0i0 TV + / _ (r 1 ) 2 ], 

(O/) +,3/0,0 = A-3 (/+)3/o o ,2 + ,V2 AA; V2 /+o _ S l } 

{O f )t' m - = A- 3 (r 3 )V2 [(? i/2 AA y2 /+i3/0i0 (t2 _ ^j-i^) 

+ Um- (^ 3 )" 1 - 2 + </ 3/2 aa; 1/2 / 3/0 ,o- (r 3 )-^ 1 

- A;V + o- ((TV)" 1 " 3 - r 1 + g^V)" 1 ^ 1 )], 
= A" V) V V /2 AAf / +i3 / ,o r2 + /+q _ rl)j 

(0/) 3/o,o- = a- 3 [-/A 2 /+i3/ o,o T + T 2 + ,V2 AA V2 /+)3/o _ T 2 

- gVa^VV+o. (g-iT 2 + ^T+r 1 ) + / 3/0>0> _ r 1 ], 
(0/) +,3/o,o- =A „4 /+3/0)0 __ (16?) 

7 Conclusion 

Let us end with a few comments on our results. In the last four sections we 
have provided q-analogs for elements of superanalysis. In doing so we have 
realized that on q-deformed quantum spaces Grassmann integrals, Grass- 
mann exponentials and Grassmann translations can be constructed in com- 
plete analogy to the classical case. That this analogy is a really far reaching 
one can also be seen from the fact that translational invariance of our inte- 
grals implies rules for integration by parts: 

J f(i) [(de)A > g{9)] d n L 9 = J If (9) < (d e ) A ] g(9) d n L 9, (168) 
/ d n R 9 If (9) < {do) a] 9(0) = J d n R 9 f(9) [(de) A > 9(0)} ■ 
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(169) 



Furthermore, it should be stressed that translational invariance of our Grass- 
mann integrals can alternatively be expressed as 



The above statements can be proved in a straightforward manner by in- 
sertion of the explicit expressions for superintegral and coproduct. Let us 
also notice that in Ref. [40] this property was taken as abstract definition 
for an integral on quantum spaces. In our case, integrals are given by ex- 
plicit instructions being compatible with the requirement of translational 
invariance. 

Next, let us make contact with q-analogs of 5- functions. For a 5-function 
on q-deformed Grassmann algebras we require to hold: 



It is not very difficult to show that these requirements are satisfied by 
a) (quantum plane) 




.d n L e®i)oA R f(e) 



(170) 




(171) 



/ d R/R 9 f(9) 8% /R (9) = I d n R/R 5l /R {9) f(0) = /'. (172) 




(173) 



Sl(9) = S 3 R (e) = 9 + 9 3 9-, 
S 3 Z (9) = 5 R (0) = 9-9 3 9+, 



(174) 
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c) (four-dimensional Euclidean space) 



s 4 L (0) = s 4 R (0) = e 4 e 3 e 2 e\ 
5 4 L {e) = 8 4 R (e) = e 1 e 2 e 3 e 4 , 



(175) 



d) (q-deformed Minkowski space) 



8 4 (0) = 6-6 3 /°e 3 6 + , 
8 4 L {e) = 6+6 3/0 6 3 6-, 



5 4 R (9) = e + e 3 e 3 /°e-, 
8 4 R {e) = e-e 3 e 3/0 e + . 



(176) 



Last but not least we would like to say a few words about the connec- 
tion between q-deformed superexponentials and translations of q-deformed 
supernumbers. That translations on quantum spaces are indeed given by the 
coproduct can also be seen from the existence of some sort of q-deformed 
Taylor rules for which we have [44] 



Again, these identities can be verified in a straightforward manner making 
use of the explicit form for the superexponentials and the action of deriva- 
tives on antisymmetrized quantum spaces. 
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A Quantum spaces 

In this appendix we list for the quantum spaces under consideration the 
explicit form of their defining relations and the non-vanishing elements of 
their quantum metrics. 



f{il>® L 9) = e Xp y> R \(de) L )>f(0), 
/(V©£0) = exp(^| (d e ) L )>f(0), 



(177) 



f(9®Ril>) = m<exp((de) R \iP L ), 
/(0©HVO = /(0<exp(Wfll^)- 



(178) 
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The coordinates of two-dimensional antisymmetrized Manin plane fulfill 
the relation [38,47] 

(179) 



^9 2 = -q~ 1 6 2 9 1 . 



The q-deformed spinor metric is given by a matrix e %3 with non-vanishing 
elements 

e™ = q -V\ e 21 = -g 1/2 . 
Indices can be raised and lowered as usual, i.e. 



(180) 



1fr 



= e. 



a/3t 



(181) 



where £ij = —e %1 . 



The commutation relations defining an antisymmetrized version of three- 
dimensional q-deformed Euclidean space read 

(e+f = {6-f = 0, (182) 

(e 3 ) 2 = xe+e-, 
e + e- = -e~e + , 

0±0 3 = -g ±2 3 0±. 
The non-vanishing elements of the corresponding quantum metric are 



g+ = -q, g 33 = 1, g~ 
Covariant coordinates can be introduced by 

0a = 9ab0 B , 



-q 



(183) 



(184) 



with gAB being the inverse of g AB '. 

For antisymmetrized q-deformed Euclidean space with four dimensions 
we have the relations 



(0 



1 9 3 

3 e 4 

2 fl 3 



0, 1 = 1 



-Q 



-l/)4/)2 



(185) 



-<rW, 
-e 4 e\ 
e 3 9 2 + a^ 4 , 
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and its metric has the non-vanishing components 

9 U = Q~\ 9 23 = 9 32 = l, 9 41 = q. (186) 

The generators of antisymmetrized q-deformed Minkowski space [16, 17, 
21] are subject to the relations 

(r) 2 = 0, M e{+,-0}, (187) 
9 3 9 ± = -q^O 3 , 
9 3 9 3 = X8+8-, 

9 + e- = -e~9 + , 

8 ± 9° + 9°9 ± = ±q Tl X9 ± 9 3 , 
9°9 3 + 9 3 9° = X8+8-. 

Instead of dealing with the coordinate 9 3 or 9° it is often more convenient 
to work with the light-cone coordinate # 3// ° = 9 3 — 9°, for which we have the 
additional relations 

(03/0)2 = Q) (188) 
0±03/O = _ d 3/0 6 ±^ 
e 9 3/0 + e 3/0 e = _ xe+e -^ 
e ± e + q ±2 9 e ± = ±q ±l X9 ± e 3/0^ 

9 3 9 3/0 + 9 3/0 9 3 = -X9 + 9~. 

Finally, we write down the non-vanishing entries of the matrix representing 
q-deformed Minkowski metric: 

^oo = _j ^33 = x v +- = _ g> ?? -+ = _ q -i ( 189 ^ 
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